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Abstract

e The tutorial will present a systematic approach to the mathematics of
systems biology, reviewing relevant aspects of statistical mechanics,
generating functions, operator algebras, stochastic simulation
algorithms, network graph structure, graph grammars, cell complexes,
and parameter inference. Application examples will be drawn from
multiple spatial and temporal scales: bacterial metabolism, eukaryotic
transcriptional regulation and signal transduction, and the
developmental biology of plants including phyllotaxis.
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Usetul Physical Mathematics

Classical mechanics
— Solid, fluid mechanics

Statistical mechanics
— Allosteric enzymes, transcription reg, complexes
— Image analysis

Network dynamics

Field theory

— Stochastic processes via operator algebra
— Dynamical Grammars modeling language
— Multiscale, variable-structure modeling

Future - extended objects

— Algebraic geometry
— Stat mech of membranes
Q-Bio 08/08
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Outline: Math. Methods
gv“fj?Statistical Mechanics

— SM 1n metabolism, transcription

e Stochastic Dynamics

Mathematics

— Operator algebra

e (Classical Spatial Dynamics

— Hybrid systems; elastic dynamics

e Computational Dynamics
— Semantics

— Computational Morphodynamics
Q-Bio 08/08
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Methods

{j{]@artition function algebra

e Composition principle (EMCC)
 Random Steady State (RSS) model

Q-Bio 08/08
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Stat mech review

Equilibrium stat mech:
Z(B)= ) exp(-BGr) = pr=exp(-BGn/Z(P)

I
Z. is the “partition function”. Terms are relative probabilities.

Nonequilibrium stat mech:

dpy(1) =\ -
—_— }\ il ) — h it = I{ el
dt 2 gpr(t) (Z[ -”)f 1) E{ gpy(t)

..= 0 for steady state

K( J‘
0 _0_ exp

Detailed balance: Ki 1! (=BG — Gp)
— Applies to fundamental or closed systems

— Equilibrium SM is W’s leading eigenvector

BRIEFINGS IN BIOINFORMATICS.

July 18, 2007
Q-Bio 2008
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Elementary Partition Functions

in dilute solution

Z 721z w1 1w52 0)123152

(21, 22) = 7wt w,
@ {s|s; €{0.1}AP(s)}
@ =ltora+twmn+twnnn

P(s) =57 A5
(=)
@ Z(Z[,Zz):l'i‘wlzl'l‘szz

P(s) =51 A
2. 2) =
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Four principles of
partition function algebra

P1. Multiplication ~ independence /) )
2(21, ) =W1221 22 ‘i\;, '\2_/

P2. Addition ~ mixture distribution "

Z(ZI’ZZ):1+0)1Z1+(U2Z2 '.' .:.1 7 -.\2/

P3. Composition ~ tree structure

3
. 3 3 n 3-n
Z yimer(21523) = (@2, + 0;2,)" = 2}11:0 n (a)lz2) (0)323)
1

P4. Contraction ~ cycles

BRIEFINGS IN BIOINFORMATICS.
July 18, 2007
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Methods

e Partition function algebra

%omposition principle (EMCC)
e Random Steady State (RSS) model

Q-Bio 08/08
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Birth and Death Process

e |n discrete time: @@= pm" = d+yz+p2

y=1-p-9
2:(2) = 0+yg1(@)+B(g.(2) =gi(g1(2)

=02-2B-0)+(1-B-0)(1+B-0)z+p2-3B-36+(B+0) +20p)7
2 (1--6)7+p

8k(x) = 81(8x-1(x))
=21°81°...° g1(2) (koccurences of g;)

Q-Bio 08/08
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EMCC Picture

Equilibrium Molecular Complex Composition

Equilibrium
= steady state
+ detailed balance

r A
| _.a=12 /
[ .--r=123
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Amino Acid Syntheses

_w tRNA-Ala A Y,
Ala A /
Glucose =— | Glycolysis ) —* v /
Pyr

Glucose ‘ —_— cAMP1

/ > > <«—» Val —| — tRNA-Val
/ > > |
N KB = - ",e | — RNA-lle
S 1 v [
\I l Thr +/\ ! l
Y T \———————————— =
r N I
| |
' |
' |
“Lys Met tRNA-Thr

Journal of Bioinformatics and
Computational Biology, 4:335-355,
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Biosynthesis of Valine, Leucine
and Isoleucine

Leucine -ff——p» co-ketoisocaproate — eff—— p-isopropyimalate —P c-isopropyimalate

N iVE leuB ieuCo -
L IPMS
fleuA TC
pyruvate - aviA
AHAS | IMBN -- - . . ) .
a-acetolactate —p» afi-dihydroxy-isovalerate ——» o-ketoisovalerate Valine

1
!
AHAS Il .i\/fﬁ ST IR DAD B
pyruvae ' VG WD hE

AHAS I, v !
/J a-acﬁto—a-hydroxybutyrate —- o f-dihydroxy-f-methylvalerate —— = a-keto-f-methylvalerate -f——— Isole ucine
I

’

a-ketobutyrate ! ,

TTM < - ---- -- Valine p
VA ¢

Threonine "=
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EMCC example:
Generalized MWC (GMWC) Model

Substrate 1

Journal of Substrate 2

Bioinformatics and

Inhibitor 1

' Inhibitor 2
Computational , Activator
Biology, v4 no 2,

JII@+s,)" s, +a,)" 1+ L] JI@+cs,)" ™" (cs,)A+i,)"]
£ JII@+s,)"@+a,)"1+ L] J[@+cs,)" (@+i,)"]




UCI ICS IGB SISL

GMWC via EMCC

kl1:n 1 ‘ZK %v p a
§ o X
- m—r' © © o )

JII@+s,)" s, +a,)"1+ L] JI@+cs,)" ™ (cs,)A+i,)"]
Vi = JII@+s)"@+a,)"1+ L] J[@+cs,)" (@+i,)"]
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Biosynthesis of Valine, Leucine
and Isoleucine

1300 © 3 X
1230 25 40
g 10 (720-1700) 4 3 .
750 » (6-10) 15 -
X0 1
250 10 05 10
) 5 10 15 0 ) 5 10 15 X ' 5 0w 15 2 i 5 10 15 X
min min min min
TB IPMDH IPMI
AHASI ? IPMS
AHASIII IR DAD TB,TC
vr ﬁ AL —> aDHIV ﬁ oKIV ﬁ L-VALINE
10 230 175 1200
2000 g 200 i? 1000 (570-3700)
50 6 130 168' 800
e (750-1500) M o % (58.66) X
% 1000 - 0 400
p_Vl' 2 50 25 200
o 5 10 15 2 5 0 15 2 i 5 0w 15 0 i 5 10 15 20
5 w15 X min min min min
min
L-THREONINE T’ oKB AHAS III IR DAD TB
1000 a0 035 3 20 100
%0 » 04 25 o G (90-310)
uM &0 (290-520) 03 2 8-27) @
- 15 20
20 (17 28) 02 i 40
X0 10 01 05 10 20
5 10 15 0 5 10 15 X 5 10 15 20 5 10 15 20 i 5 10 15 20 ) 5 10 15 20
min min min min min min

Yang et al., Journal of Biological Chemistry, 280(12):11224-32, Mar 25 2005
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Transcriptional Gene Regulation
Networks

e (GGene Regulation Network (GRN) model
E.g. Drosophila A-P axis:

Extracellular
communication
Drosophila eve stripe expression in model (right) and data

‘L'V = g( T Yy + h ) /l (left). Green: eve expression, red: kni expression.
P /A 1 From [Reinitz and Sharp, Mech. of Devel., 49:133-158,

[Mjolsness et al. J. Theor. Biol. 152: 429-453, 1991] 1995 ]. Cf. [Jaeger et al 2004]
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GRN ANN Equations 1991

Model statement and its derivation from stat mech:
[Mjolsness Sharp and Reinitz, J. Theor. Biol. 152: 429-453, 1991]
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[|]

Model Reduction Zotzo =30 00 | |50+ |

Example:
Gene Regulation Network | = -1+;w@ﬁ «ﬁ%w‘bm % (including dimers)
Derived from Stat Mech

( )

dlog Zo

Activation = =1

9 log 7

B
B =+ B
|—> _ W) [Tpo1 E) log =+ =
= = 01108} W(o) =(b) =(b)
b=1 b=1

W) Hb 126 T Hb 1 S

Activation = ZT’J vj+ Z Tijrvive +h; |
j=1 J. k=1

where

y —_— h,-:log(u.:—AG,-/kT
V. — .. V. A B V. ! d
TV, g(ZjTIJVJ + hl) l|V| g() = 1/(1+exp(=x)
B B B B
Tin=) Wipy — ) Wipy = ) exp(-AGl, . /kT)— > exp(-AGg, 5/ kT
[J. Theor. Biol. 152: 429-453, 1991] v ; o) ; wn ; p(=A Glia /¥T) ; p(=AGivy [KT)

Conditions (newly relaxed):

B>1. and

= [MSR91] equations are no 10nger just extreme (low or high) occupancy probability at each site
“ ph enomenolo g ical”. — sites may now be heterogeneous

[J.Bioinformatics & Comp. Biology 5:2(b) 467-490, 2007]
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Quasi-Equilibrium Models

Predictive Biochemical Models

DetermmIStIC Nlaster Equation Stochastic ----f:(sd-p-oLn:--- Stochastic Master Equation DetermmIStIC
" Dynamics € 3 Dynamics Steady State g P Steady State
Sample Sample
[Tcoarse I Tfine

Multiscale Equilibrium
Stochastic Stat Mech

Dynamics

ITcoarse [ Tfine

Other MS Methods CQuasi-EquiIibriumj Markov Random Field
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How to model transcriptional regulation?
E.g. Drosophila D-V axis:

@)' | [ Twi I\ ﬁDI | [ Twi I\ LC$T S

S = TS,

cccccc

[Robert P. Zinzen, Kate Senger, Mike Levine, and Dmitri Papatsenko. Current
Biology 16, 1-8, July 11, 2006]

s 8 ﬁ-o-]
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DV axis promoter models

CDI - TwiK DI [DI }K Twi [TWi ]
1+ Kwi [Twi] + Ksna[Sna] + Ky [DI] + Cpi - 7wiKpi DI Krui[Twi] + Kp [DIK 04 [Sna]

(DI Twi \ (DI Twi \
-

[Robert P. Zinzen, Kate Senger, Mike Levine, and Dmitri Papatsenko. Current
Biology 16, 1-8, July 11 2006]
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EMCC Recalculation

Zcomposite,O = Zl_ ZZ— + 2o [Zii- Z2_ +Zl— Z2. +Zf ’j]

Zf - Z_{ - Z (wp1 Zp )’ (WTwi ZTwi )" (Wsna Zsna )’

{(s5,57,58) | 56 A57A3TA3T}

Zi =75 = Wpl ZD1 WTwi LTwi
1 =45, = ..

= 1 + Wrwi ZTwi + WDl ZD1 + Wsna Zsna + WDI ZDI Wsna ZSna

Probability(at least one promoter 1s active) =
ad log Zcomposite,O _ Zl— Z.’? + Zl_ ZS- + Zf Z.’?
8z, o T 7o 75+ I + 21 2 + 27 73

- -
) 25
Ly +Z] VA VA
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If
Zi (zi) = Z (l—[ Ziasm] l_[ (@) p(ory) (81) = Z [ l_[ Zig"* )Zi("i, %)
(il Qi (o)} aV()

a

(si | Py (si)} {vi | Piv))

is a set of partition functions, then the partition function for composite objects with root node i is:

Zcompositei (gi’ {zj}) = Z [ l_[ Ziav“‘]Z,- (Vi, {Zib = Gip Zivib})

asV(i)
{w |Pi("i )

- Z (l_[ ziav’“]zi(vi’zimb) (zivibb = Sip Zi"xb)

asV(i)
o1 [Py

Zivo = Zinp({Ziv vjr P Zi(w;(0). 27)})

where

Zivib({zivibjr}) =

vy o)™ (@) (e, 5,) Wis Sib)
{ ( )

Sipjrel0.1) |§xbjr w Zj_, Eibp:l} [Ur} a-ldx&ibjfl Q,-b((a'xa ,&ibjr"b})}

and
Grammar of b= Y vy [] 0 vjar) oo
possible S a=vo
bmd!ng _ and
relationships

vip 1s the minimal subset of v; components
that interact with §;; through (w) o

73,60
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EMCC examples ‘ | ]
e Multiple binding sites &/A

(¢) Grammar: Toii1 =To011 =T To15 =1; all others =0. Py = (so111 < 1) and all other sg,,. = 0.
Py = (sgo11 + Sgoo1 < 1) and all other s5,,, = 0. Py = Mutex(sp111, S1121) A Mutex(sg>11.» So221)-

Zo=(l+wncrz1)(l+wn ¢z +wn )

 Polymers

Grammar: I'yy;p = 1; all others =0. Py = (sp;1; < 1)and allother so,,. =0. Po=T. Z; =1l+w;S 2.
Recursion means z; = Z;, so

Zy =1/(1-w §1)=Z(w1 1)’

e Dendrimers

Z1(61,%2) =1 +w1 61 Z1(S1,$)) (1 + w2 62 Z1(81, $2))

7 1—w1§1-w2§2i\/(1—w1§1—w2‘§2)2—4w1w2§1s‘2
l:

w1 W1 Q1 Q2
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Ring of Rings

] 9
yy M2

Zp(z) = -

, N N
((z,)*l:+1+\/z3y14+4z_v14+1) l +zy?+1-V2yd 4zt + 1) 1)

20

All square roots cancel for integer values of Nj .

As N1 s Ng — 00,
N

Zo(Z1(2) » 27 My T

A\"1

N>

N,

(1+2‘N2 iy, 2 (1+z)=§ +\/1+z(4+z))*§) + \/(1+8‘N3 vy (1+z_v§ + \/1+z(4+z))’3)

Y|

(41+N2 \%ﬂ +2% (1 +2y3+ \/1 +z(4+2))3 )N2 )))

... a formula in which, for finite integer N’s, all square roots must cancel out.

There is a longer formula, exact for all sizes.
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Hard vs. Soft Logic

DI Twi Sn.

| Hierarchical
Zinzen et al.

modification Activation (HCA)

Cooperative
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Modeling Eucaryotic Transcription Complexes:
Hierarchical Cooperative Activation
(HCA) Model

T; d_\'il = [transcribing]; — AV,

- Ju;
transcribing], = g(u, )= '
[ ol = g(u) T,
Transcription output u = H M
1
aei\ 1+ J,P,
Promoter element activation
o N K i
Binding site activation P =g u,)= ‘{u"‘
= o a\"a ~
1+ K i,
Binding site occupation - 14+ K '®
dimerization, competitive binding i :H — b J®)
o n(b)
- . peo\ 1+ K Vi)
Transcription factor inputs
network
n() o b)
oo Ko a Ko
. . . ab — n(b) b . n(b)
In: Computational Methods in Molecular Biology, 1+ Kyvjch L+ K,vio,

eds. J. M. Bower and H. Bolouri, MIT Press 2001
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HCA- Z and ANN-like Equations

 Assume many binding sites per module
e Assume extreme (usually low) occupancy per site

)‘4 JM

B(m) B(m) B(m) B(m)
Zo)(Z Lo m =1) =20 w0 | | {w(+2+m> [[2am+]] E(_m_b)} N | | [‘U(_fm) [[zom+]] Eerb)]
2 b=1 b=1 L i b=1 b=1
J J J J
Bimty = L+ ) 0imbp 2+ ) Wimotop U+ D, Womb i % Tk + D, Wimat b % %
j:l J:l j,k=1 j,k=1
M where g(x) =1/(1+exp(—x))
) : N : o+ = - -
Activation = gl i) + M + E | (h(m) h(m) 1) Vim) | Tonp =Tinjy = Tonpy a4 Tonjiy = T iy — Tom i)
m=1 B(m) B(m)
Toup = D Winby = D, xp(-A Gl [KT),
7 7 b=1 b=1
] — T T B(m) B(m)
] = ( : : i I- S . + = +
Vim) = 8| om) + (mj) Zj + (mjk) Zj Tk Tomjp = Z Wimb jk) = Zexp(—A Gonv i) /k T), and
j=1 j k=1 b=1 b=1
Ny =log Wiy = —A Gy [ kT

hoy =logwe) = A G /kT
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Modeling challenges

-
—"—

o

 Simplify to Hierarchical Cooperative Activation (HCA
[2001]):

---------------------------------------------------------------------

L4

4 . )
K . 'l . 'l ‘
[ 1 [} 1 ' \
1 : 1 1 1 :
H 2 ! 1 ]
1 1 1 ] 1
1 1 1 1 1
5 1] 5 7 ' 1
. s’ e s’ \ Py

-----------------------------------------------------------------------
o to HCA+ [BGRS 2006]:

... Or 1O + .
-------------------------------------------------------------------------
~~~~~
-----------
¢ - P G . -,
’ ‘ ’ ya A \

i ]
1 1
1 H 1
T 1 .
1 1 1 1
] ) ' ]
A} 04 . 4 U ‘ ) 4 Y

---------------
~ -
----------------------------------

’l

~
.......................................
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I"’ \\ Ky - RN A X
1 ] N :
— | .
L 1 ol
:‘ * ¢ s ¢ ': :‘ s ’ l;
\~~ ) JE 4 L JE 4 "O s~~ ) I 4 ’¢0
Transfer matrix method for max site overlap = 2:
1 1 1 |
Z=(111)- ‘ | isl Wi+l W2i-1,2i+1 0 A1z
i=kn1 \ L2i+2 22i+2 22i+2 W2 2is2 22

Calculation 1s polynomial in # of binding sites per module.

Transfer matrix method still works for higher stacks:
Max overlap+1 ( = matrix dimension) is bounded by width of the sites. Tree module structure still OK.



UCI SISL

Methods

e Partition function algebra

e Composition principle (EMCC)
andom Steady State (RSS) model

Q-Bio 08/08
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Amino Acid Syntheses

PDHC _v tRNA-Ala A" Leu — tRNA-Leu
Ala A /
Glucose = | Glycolysis )| — f .
/
/ \ A,

GIucose* —DcAMP1 Pyr

Asp e b <—» Val - — (RNA-VAl
v, ——>— — le ! — rnacte
N oKB L / |
.Sn I 1 _Z I
~ Thr + \ |
1 _p/ \ - - - - - - — = = = |
[ I-I N |
| N [ [
| |
| |
Lys Met tRNA-Thr

Kmech and (Val, Leu, lle) biosynthesis:
[Yang, Shapiro, Hung, Mjolsness, and Hatfield, Journal of Biological Chemistry,
280(12):11224-32, 2005 ]
[Yang, Shapiro, Hung, Mjolsness Bioinformatics 21: 774-780, 2005.]
Thr biosynthesis from Asp:
[Najdi, Shapiro, Hatfield, and Mjolsness, Journal of Bioinformatics and
Computational Biology, 4:335-355, 2006.]
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Enzyme complex structure
(PDH and KGDH)

CoASH
RCCOOH [ThDP] RC S-Lip-SH
RC SCOA
L1p

Llp\
FAD
de Kok et al, Biochimica et Biophysica Acta E3 +
1385, 353-366, 1998. W”ADH +H
FAD
HS
Cubic symmetry of the NAD'

E2 core

g 24 E2: 8 trimers

2 E1 and E3: 24 dimers

Elor E3 (optimally 2 E1: 1 E3)
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PDHC E2 structure

e Lipoyl domain “arm(s)” each sustain full reaction
[de Kok et al, Biochimica et Biophysica Acta 1385, 353-366, 1998.]

 E1/E3 binding domain “tethered” to rest of E2
— Tether length ~ 11nm

[ Murphy and Jensen, Structure 13, 1765-73, Dec 2005.]
— Ideal ratio of 2:1 not guaranteed

e E2’s in complex.
— 3 E2’s (1 trimer) per vertex.

— cube, dodecahedron, 1solated trimer structures known in different
species. |
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Steady State Model

* Pyruvate dehydrogenase reactions

(5
CH, { COOH [ ThDP]

Q/ £l \

\
Co, / \[ul-: n.ml//\

{lfl

R

2

0

CoASH

1 Ee— f
[( Ilq-é -S-LipSH | -\

E2

[LipS,] o —

[t

K23

* ('llj-fl'-h'( oA

o

0

3 | [Lip(SH), | —

llr.\l]] o |
S8 1 e

k31

1- \D ]
su \II /

o NAD?
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1mensions

State transitions in 12 d

k31

E3-H2

ke

E1

E1

‘ k31

\

/

R

\\\
k iz
N

[ / k23/a

g
h

R

%)

E2

0 0
k12 0

0
0

k23 o

0
ks

k31

ks

k23

ks

ke

ke

0 k23 0

0

k23

ks

Hhat
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Resulting rate law

FullSimplify [Series [

ksi ks2
rate3 /. (ks ——— , k12 +enlk, k23 + ——, k31 5k (3-n1), ke >k (3 -n1) /S£},
km + s1 km + s2

{sf, o0, 3}]]

(k (-3+nl)nlsl (km (-3+nl) +(-4+nl) sl)s2({2sls2+kmi(sl+s2))e)/
((=3+nl) sl (km(-3+nl) + (-4+nl)sl)s2(2s1ls2+km(sl+s52)) =
nl ((41+nl (-22+3nl))s1?s2”° +kmsl®s2 ((-4+nl) (-10+3nl)sl+ (67-40nl+6nl°) s2) +
km® (-3 +nl)? (s1? +s1s2+52) +
km° (-3+nl) sl ((-4+nl)sl®+2(-7+2nl)sls2+(-13+4nl)s2°))e)-
(kn1® =s1® =2° (2s1s2+km (sl+s2)) (km* (-3+nl) + (-5+nl)sls2+km(-4+nl) (sl+s2)) &’

S£?) (=3 +nl) (km+s2) ((-3+nl)sl (km(-3+nl}) +(-4+nl)sl)s2(2s1s2+kmi(sl+s2)) +
nl ((41+nl (-22+3nl1)) s1® s2° + kmsl® s2
((-4+nl) (-10+3nl)sl+ (67-40nl+6nl")s2) +km (-3+nl)’ (s1° +s1s2+s2°) +

km®* (-3+nl) sl ((-4+nl)s1®+2 (-7+2nl)sls2+ (-13+4nl) s2°)) e::‘j: +0[s£]¢

ratelni_,si.s2 ko dm <] —]eading term in k31/ke
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Random Steady State (RSS)
model

Random Steady State (RSS) model
Case: isolated trimer

The reaction rate was derived by solving
a 12x12 steady state system of the cycle
of enzyme-catalyzed reactions

Result: Equilibrium at slow time scale;

Steady-state at fast time scale.

Random binding of E1 and E3 to E2

core modeled by a binomial
distribution of accessible Els and E3s

<« = .

. )
R E !f
. 'i‘é\ég{"’{ -
El or E3 )) E“{Z “g

o
=y

3
>’ Binomial[3, n1] g™ (1-q)>™ « RATE
nl=0

[E1] K1

Different from quasi-equilibrium models T e
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A minor tragedy:
Random E1/E3 occupancy =>
achievable rate << optimal rate

3
Plot[ Z Binomial[3, n1] g*nl1 (1 -gq)*“(3 -nl1) rate[nl1, 10000, 10000, 2300, 1300, 0.15]] '

nl=0
{a, 0, 1}];
Plot[rate([nl1, 10000, 10000, 2300, 1300, 0.15], {mn1, 0, 3}];
400¢ 200 | o
350} N\
300} 300 | /
250
200F 200} //
150} /
100} wof
50}
0.2 0.4 0.6 0.8 1 0.5 1 1.5 2 2.5 3
[E1] K1
97 TE1] KL+ [E3] K3 n

Q-Bio 08/08
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Hypothesis: Neighboring Vertex QJ ‘
E2 Trimers Share E1/E3s

Minimize chances of n,=0 or 3 => no production.

Structural tether models don’t rule out sharing of
E1/E3 capacity among trimers.

Could explain the multi-trimer complex structure.
Model with RSS

— Requires more partition function technique

Compare throughputs with isolated vertex
hypothesis, and reported experiments

Q-Bio 08/08
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How to model shared, tethered

E1/E3 sites?

Approximate Rate(n,)with a low-degree

polynomial, constraining Rate(0)=Rate(3)=0.

Replicate n;, n;=3- n; by # of vertices:
 (optional) simplify to vertex + 3 neighbors

n 1,vertex

Approximate multi-vertex partition function:

Zcomplex = H v Z(nl,v ’ n3,v)

Introduce sharing fraction o€ [0,1]

Evaluate:

(04

Rate|[(1-a)n,  + ,
( o | nbrs(v) IZWE”””(” ;

Q-Bio 08/08

n 1

SISL
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Approximating Rate(n;)

numsol @error[l. 5], Table[{A[[i]], 1 /pmax}, {i, 1, pmax}] /. pmax -+ 5]

p-1

s
p1<>t[{[[1-n1/3) ka ((p+1)*(p+1)/p*p) (n1/3)*

}J /. numsol[[2]],
rate[nl1l, 10000, 10000, 2300, 1300, 0.15]}, {n1, 0, 3},
PlotStyle - {CMYKColor[O, 0, 0, 1], CMYKColoxr[O, 1, O, 0]}]:
400 ¢

.--/ - \
300}

Il
200 ¢ a
II
1
!
/ \
100 ¢+ z
\
ia
i i A L " |I
0.5 1 1.5 2 2.5

n
£f[n ] := (1 - —) (428.0733339579392 n - 379.4019173077035  n® +
3

632.2906157703737 n> - 364.17334380810087 n® + 81.76686063645717" ns)
Q-Bio 08/08
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Technical points

(because we haven’t had any yet)

e Each monomial in (", averages
separately, by linearity of averaging.

e Each factor (,...)" averages separately at
its own vertex, by independence of the
vertices.

* So globally averaging polynomials in n; , 18
multilinear.

rules = Flatten@Table[{m0f -> (n1f), m1? -> (n1®), m2F -> (ni1f), m3P -> (n1F)}, {(p, 6, 1, -1}];
answer[q , a ] =Expand[ff[(1-a) m0+a (m1 +m2+m3) /3]] /. rules;
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Technical points

Polynomial vector space bases: (nl,v)k vs. (1)
Vertex averages of (n, )" are related to those of
(n ) =, (ny, — k)! by Stirling numbers, since

k

k ! L
n* = Zl_o{l}n(l) and Ny = Em_o[ } n

m

Averages of (1 ,enex i are easy ki derivatives of

the vertex partition function. For a trimer, only
k=1,2,3 are nonzero.

k
Then vertex averages (n") can be computed by
recurrence, using

()= {a)- 2] o
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Resulting throughput gain

(# Comparison of sharing to no sharing =#)

3
Plot[{z Binomial[3, n1] q”nl1 (1-4q) * (3 -nl1) rate[nl, 10000, 10000, 2300, 1300, 0.15],

nl=0

answer[g, 0.75]}, {q, 0, 1}, PlotStyle -+ {CMYKColoxr [0, 0, O, 1], CMYKColor([0, 1, 0, 0]}]:

350 f
300 |
250 | e

200 /// \\
150 | / \
100} / \

sof /

Maximize [answer[q, a]., {q, a}]

{374.279, {g>0.683579, a— 0.75})

Q-Bio 08/08
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Satisficing solution:
Shared random E1/E3 occupancy:
achievable rate ~ optimal rate

No sharing (RSS) ~ With sharing (RSS) Optimum
(no randomness)

Plot[rate[nl, 10000, 10000, 2300, 1300, 0.15],

Plot[answer[q, 0.75], {q., O, 1}]:
400, 400 e
350¢ - -
300¢ 300 300 yd
250 — 250 /"'
200t 200 200 /
150} 150 / \
100} 100 , ( ‘ 100
50F so} / \ /
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1 0.5 1 1.5

[E1] K1 [E1] K1

* 7 e KL+ [E3] K3 * 7 eI K1+ [E3] K3 n, = #(E1)/E2

Q-Bio 08/08
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Effect of the enzyme complex composition on the rate of reaction

% Gain in
reaction
rate

Reaction
rate

(Vo/[E+])

02 04

0.6

Sharing factor o

400
350
300
250
200"
150

0.8

0.2

0.4 0.6 0.8
Q-Bio 08/08

:

m

q=0.68 ~
o =0.75 =8

Significant
values
-2:1 E3K3

-full sharing
0 02 04 06 0.

o
62% increase in rate

for o = 0.75

Comparison with

literature data

[Danson MJ, Fersht AR, Perham RN,
Proc Natl Acad Sci USA. 75(11):5386-90,
1978.]



(;hu-iw (out) Other carbon sources (Lactose, Maltose, etc.) UCI ICS IGB SISL

PTSg
PISGHI-crr (4.49)
PingPongBiBi

eLx  Glucose

ik
lﬂy

Glucose 6-P
PGI
pgi-2.4)
simple
ose 6-F
ADP, ANMIP + rrxa
P 2)
| Sul GMWC FEP mmwcccccccccmnomnmmmmnrsosnrmnrmn i nmnns
COATP ..l fop (1.7) [
: DB (-5.9) simple .
: BiBi .
Fructose L6-biP -~ oo :
: FBA ' .
H SOuA (), [0S (2.3) H s
H UniBi . '
. -— . :
. Dihydroxyacetone-P === Glyceraldehyde 3-P : '
: ™ GAPDH L .
] WiA (:2.3) gapA(-2.6), gopB (-1.7) + S .
L= smple TerBi L= .
= ) S :
§ 1,3-diphosphateglycerate : § :
N PGK 'S '
. »2k (-1.5) L :
' BiBi : .
: 3-phosphoglycerate -~~~ i
PGM N :
: pemA(-2) N :
! peml(-14.4) H ‘
: simple H :
2-phosphoglycerate ’
el ENO | .
ene (-9) ' H
el stmple . .

P
BCAA Biosynthesis | ppc PCK pA (78
ppe(=i3, FPRA9.7) BiTer

[ BiBi Bipi
T — [ —

Thr Biosynthesis

T ASPTA
apC A
PingPongBilli . R

.\Qp e Oxal ¢

MDH

ACCoAS -,
acs (115) "~
« TerTer

(&
gt =
GMWC

e
Bibi
. ' - .
Malate Glyoxylate | Tsocitrate
; MISA MSG R ! ICL .~
«ceB (9.9) gicB (20.7) aced (14) ml-{
FUM RiRi BIBI UniBi P

Biler

Tarek Najdi, PhD omdBC (-2
[ICSB 2007; thesis 2008] Famarets

dh ABCD (2.9)

KGDH

dmple scs -
sueCD(3) sucAB lpdA (2.
PingPongTerTer EnzComplex

Succinate <¢——————p- Succinyl-
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Capture RSS for repetitive use 1n

kMech, Cellerator

EnzComplex[{S1_, S2_, S3_} = {(P1_, P2_, P3_},

Sharing[qq_, aa_], ParamEC[e_, k_, km_]] :=With[{}.
answer2[q_, a_] =With[{pmax =5, mesh = 0.3},
rate[nl_, s1_, s2_] =

(k(-3+n1)n1sl (km(-3+nl1)+ (-4+n1)sl1)s2(2s1s2+km(sl+s2))e)/
((-3+n1) s1 (km (-3 +n1) + (-4+4n1) s1) s2 (25152 +km (s1+5s2)) +

nl ((41+n1 (-22+3n1)) s1’ s2? + kms1? s2

((-4+n1) (-10+3n1) s1+ (67 -40n1+6n1°) s2) +km’ (-3 +n1)? (s1? +s1s2+s2%) +
km® (-3+mn1) s1 ((-4+n1)s1®*+2 (-7+2n1) s1s2+ (-13+4n1) s2%)) e):

p = Range [pmax]:

A =Take[{A1, A2, A3, A4, A5, A6, A7, A8, A9, A10, Al1l, A12}, pmax]:

poly = (1-n1/3) A.n1?;
threewayratel =

Flatten[Table[rate[n1, S1, S§2], {S1, 1, 2001, 200}, {S2, 1, 2001, 200}]]:

error = Sum[ (poly - threewayratel)?, {nl1, 0, 3, mesh}]:

numsol = Table[Minimize[error[[1]], A]J[[2]], {i, 1, Length[error]}]:
££[n_] =(1-n/3) A.n® /. Table[ numsol[[j]], {j, 1, Length[numsol]}];

{(nl1) =3 q:
(nlz):3q+6q2:
(n13)=3q+18q2+6q1:

(n1*) =3q+42q° +36¢q";

(n1®) =3q+90q° +150q’;
(n1%*) =3q+186q° +540q°;
rules =

Flatten@Table[{m0O® -> (n1P), m1P -> (n1P), m2P -> (n1P), m3? -> (n1P)}, {p, 6, 1, -1}]:
Expand[ff[(1-a) m0+a (m1 +m2 +m3) /3]] /. rules

1:

listl = answer2[qq, aal:;

list2 = Flatten[Table[{s1, s2}, {s1, 1, 2001, 200}, {s2, 1, 2001, 200}], 1]:

tbl2 = Table[{list2[[i, 1]], list2[[i, 2]], list1[[i]]}., {i, 1, Length[list1]}]:
app[s1_,
Fit[tbl2, Flatten[Table[Table[s1"kl s2~k2, {k1, 0, 8}], {k2, 0, 8}]]., {s1, s2}]:

{

}
]

s2_] =

P1'[t] ==Enapp[S1[t], S2[t]].

s1°[t]
s2 ' [t]

-Enapp([S1[t], s2(t]].
-Enapp[S1[t], s2[t]]

W-DI1U UO/Uo



UCI SISL

Process simulation
using Mathematica

e Reactions or generalized reactions

 Computer algebra
— Representation, eg. of reaction rates

— Problem-solving environment (PSE)

e Special capabilities
— XxCellerator: well developed; fixed reaction schemas
— Sigmoid: Web GUI, model database
— Cellzilla: fixed spatial models, power diagrams

— Plenum: generalized reactions, growing tissues, ...
Q-Bio 08/08



UCI

xCellerator addons

MetabOIISIn KMeCh [Yang et al. Bioinformatics 2005]

— http://www.igb.uci.edu/servers/coli/kmech.html

Stochastic sim: ssa.m
Voronoi/power diagrams: mPower.m
Fixed spatial models: Cellzilla

Model sources

e www.cellerator.org (demo.m), www.sigmoid.org

Q-Bio 08/08

SISL
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Z
=

ModeExpiorer | ImageViewer

ca

e e @ & Bl S [Setpiot Y ° °
Database | Reference | Search » >
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DXModel: MAP-K ! Bol S e | () (=] -
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ParameterSet, Levehenko MAP-K ~ \ ﬁ&_-‘t'.'.“ft__‘r i B
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»
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SubstratesReactant: kKK . i . In | b
s Rext 0| . | - weoStart Clien
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ProductsReactant: Kkpp KKKp KKK Outputs |
SubstratesReactant: Kkp 11 H ’
ModifiersReactant: KKKp 5 > %ﬁ ]
¥ GeneralCatalyzedReaction: BRS | | H
4 GeneralCatalvzedResction; B v i Y ’f;‘;‘f = jﬂﬂa
(1= [ » i |
s i | cormersin a oo Bl e ke B &
2 b | A 1500 . ; _ s
e ! h ;
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: : KKKPh - . 4 | i J = Keh
— =1 A
Belt .)
2 3 Ko
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m; o o.:{.
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Sigmoid
models
web

page

(most involve
signal
transduction)

UCI ICS IGB SISL

http:/ /www.sigmoid.org/models/ModelBrowse.do 7/3

e Browse Models
e Search Models
o by Model's
Name
o by Author's
Name
o by
Reactant's
Name
o by
Reaction's
Name

ficMOID

Home | Publications | Research | Models | People | Register | Software | Icons | Documentation

Models currently available in database:
Models implemented in Sigmoid and Cellerator

Bardwell 2007 MAPK

Borghans 1997 CaOscillation model2

L]

L]

e Borghans 1997 CaOscillation model3
e Brands 2002 MonosaccharideCasein
L]
L]
]

Bullock and Fersht 2001 p53
Chickarmane 2006 StemCellSwitch
Hilioti 2004 Calcineurin

o by Extended ® Hoffmann 2002 NFKappaB

Description

e Huang 1996 MAPK

o by Keyword ® Kholodenko 1999 EGFRsignaling

o all Fields
e Search Reactants
e Search Reactions

o MAP-K Demo Reactions
Markevich 2004 MAPK orderedElementary
Markevich 2004 MAPK orderedMM
Markevich 2004 MAPK orderedMM2kinases
Markevich 2004 MAPK phosphoRandomElementary
Markevich 2004 MAPK phosphoRandomMM

L]

L]

L]

L]

L]

e Markevich 2005 MAPK AllRandomElementary
e Martins 2003 AmadoriDegradation
]
]
]
]
L]
L]
L]

Marwan 2003 Genetics

Nadji 2006 _Asp Thr Biosynthesis
Nielsen 1998 Glycolysis

Olsen 2003 Peroxidase
Poolman 2004 _Plant Metabolism

Tyson 1999 CircClock
Yang 2005 Ile Val Leu AAsynthesis

Models with Cellerator Notebooks

Algebraic Demo

Algebraic EnzDemo

Algebraic EnzDemo

Algebraic EnzDemo

Kofahl 2004 Yeast Pheromone Pathway
Zhang 2007 _ATM

Zhang 2007 ATM MRN PP2A

Zhang 2007 Pi3k

Zhang 2007 SEP

Q-Bio 08/08
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Methods

e Partition function algebra

e Composition principle (EMCC)
 Random Steady State (RSS) model

Q-Bio 08/08
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Outline: Math. Methods

o Statistical Mechanics

— SM 1n metabolism, transcription ]
. .
5:% Stochastic Dynamics .
— Operator algebra Rl

e (Classical Spatial Dynamics

— Hybrid systems; elastic dynamics

e Computational Dynamics
— Semantics

— Computational Morphodynamics
Q-Bio 2008
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Importance of dynamics

e Scientific understanding
e Causality

e Reductionism
e Dynamical phenotypes

* Integration across scales

* Necessity for heterogeneous dynamics

e Metabolism, regulation, mechanics, growth, evo, ...
e Stochastic/deterministic, distributed/global, ...

Q-Bio 2008
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ATM/p53 model

e [Chickarmane et al., J. Applied Dynamical Systems 6:1:61-78, 2007]

reactions = {
{p53 » p53, hill[l, k;, n, 0, a;]},
(P53 » mdm, hill[l, k,, 4, 0, a,]},
{p53 +mdm -+ mdm, ¥, },
—_— {p53-+9, v;}, (mdm-> &, ¥, },
ATM ATM-p {#+p53, ac}, {$>mdm, a}

}

\\ odes = interpret[reactions]
[ nrireq . P53[t]%ay )
: {PS% (8] = 00 + e S -mam(e] pS3[t] va - pS3(¢]
-DNA amage | |jr— 53 ]
’ |— mam [¢] = ap + 222100 panpey o,

2

p53[t]" + ki

p53-Mdm Oscillator: Supercritical Hopt Bifurcation
| A1

ps3-Mdm2 Oscillator: Subsritical Hopt Bifurcation Key feature of interaction:
B1

One system (ATM switch) has
=T, its state space partitioned
discontinously by flow
equivalence classes of the
other system (p53 oscillator).

p53 Concentration
° 3 - » L] >
- ‘ =
P53 Concentration
8 8
&
\
L}
B

.
.-

L J

-~
.
-
.D
¥
H
8
g
il
13
°
E
i
F
3
¥

Concentration

Concentr ation
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Basic Attractor Structures:

Hopft bifurcation

t=—=y+x(u—x*—y?)
P=X4+y(u—x2—-y?%)
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Stable, unstable,
and center manifolds

Source: [[GuckenheimerHolmes] section 3.2]

e Stable, unstable, center subspaces

dx E* =span(vy, ...v,,)
—_ =A-X E" =span(uy, ...u,,)
E° =span(wy, ...w, )

o(xg, 1 A) = x(xp, 1) = "4 x,
ng+n, +n.=d

e Stable, unstable, center manifolds:
At a hyperbolic fixed point x*

Wi = {_\' € U| lim @(x, 1) = x" andp(x, 1)UV 1= 0}

I—+00

Wi = {.\' S U| lim @(x, 7)) = x" andg(x, e UV 1 < 0}

t—=-00

Theorem. (Center Manifold Theorem for flows). If & = f(x) has a fixed point at x*, where f has
smoothness C”, then there exist local stable and unstable manifolds W* andW" at x* , with smoothness C”, and

center manifold W¢ at x* , with smoothness C"~! . They are all preserved under the flow of . They are tangent to
E* E",and E° respectively, at x* . Manifolds W* andW* are unique, but W¢ may not be.

* Homology groups of these manifolds are “invariants”
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Equivalence, stability,
& normal forms

e (7" Equivalence of dynamical systems

Definition. Given two vector fields f and g, with orbits ¢/(x;a, b) and corresponding orbits

UE(x; ', b") of the form

W (v a, b)= [¢f(,\x nlte( bywith a<0 < I)J
Y d, by =[x, n|re(d,b)ywitha <0 <b'],

where ¢/ (x, 1) is a solution of the ODE d x/d 1= f(x), we say that f and g are “C" equivalent” iff there is a
C" diffeomorphism /1 that maps each orbit ¥/ (x;a, b) to some orbit ¥ (x; a’, b’)and vice versa. C° equivalent

° L]
o S tructural Stablllty vector fields are also called “topologically equivalent™.

Definition. Given two vector fields fe " and ge ", and nonnegative integers 7 and k, and a
nonnegative real number € > 0, we say that g isa “C*, € perturbation of f iff there is some compact set K < R4
Definition. A vector field f is structurally stable iff there is an & > 0 such that if g is a C*, & perturba

such that f =g everywhere except on K, and for all combinations of degrees j, ... j, that sum to7 <k, the
tion of f, then f and g are C° equivalent

partial derivatives of f and g satisfy:

df &g |
- <e.

o' Laxr Oxy..axn

e Normal forms

Theorem. (Normal form) If ¥ = f(x) has a fixed point at x* =0, where f has smoothness C", then
there exists an analytic (C* ) change of coordinates from x to y such that

$=80)=) &M +R
k=1

n an open neighborhood of x*, where g,(v) =L € H,,and fork € (2,7} g.(y) € G, and R, iso( | y]").
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Ecology: predator-prey models

= One Species (finite life span), One Renewable Resource

species3 = {{S+R~>2S, 0.5}, {S-0, 0.5}, {#->R, 0.1}}

S
0.
Index=+1
... as for all 2D
0. sinks, sources, centers.
Generalization:
0. nD index;
degree theory

with Elaine Wong, UCI Indexes in p53 model: [Golubyatnikov & Mjolsness BGRS 2008]
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Methods

%perator algebra

* Time-ordered Product Expansion

* Rejection sampling

Q-Bio 08/08
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Elementary Reactions

A— B+ C with rate kf

B+ C— A with rate k,

Effective conservation laws
E.g. N+ N, N,+ N 1f A, B, C are different

A =C => A regulates B, supplying only information,
denoted A B

Q-Bio 08/08
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E.g. Binding and unbinding

A + unoccupied_site <---> occupied_site @

Equilibrium:
q Z(ZA):].+(L)AZA
_ wazy  OlogZ(zy)
poccupied - 1+ Wy 24 - d IOg Z4
Dynamics:

Let molecular species A bind and unbind at a particular molecular binding site, from a solution with many
molecules of A available. For very small times A 7 only one such event will happen if any, so

Pr(unoccupied — occupied |A7) = a At [A]
Pr(occupied — unoccupied |A7) = fA¢?

na=# of A’s bound to site =0 or 1.

Master equation

?{d_, ( pnzo) _ (—a[A] Pn=0 *+ B Pn=1 ) _ H( pn:o)

pn=l Q'[A] anO - ﬁanI pn:1
—a[A] B H
H = ( ); want e .
alA] -pB

Q-Bio 08/08
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Binding/unbinding solution

Solution: There 1s an algebra of H's:

(—H) =—(a[A]+ B H (for k> 0)

SO
PII:O(r) _ tH Pn:O(O)
(Pn=l(f)) o (p,,zl(O))
— 1 ﬂ n a[A]l po—B p1 (,—t(a[A]+,B) 1 '
e[Al+B \ o[A] alAl+f —1
— : . alA] .
Convergence to Hill function alAJ+F -
1
0.8
0.6 —
oAl _——
0.2
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Powers of basis operators

(0 0 0 O

0 0 00

0O 0 0O

0 0 0

1

©a

oo )

(0 0 0 O

00 0 O

1 0 0 O

1 0 O

0

Il
1]

o)

(0 0 0 O

1 00O

0010

a={0 1 0 O

k
[& ]nm = 6n.m+k

(00 0 6 O
0 00O

24

0 00 O0 O

0 00 0 O

L a =

0

0
0 00 6 O

(0 0

0 00 0 12

0O 00 O0 O

[ :

ol

. a

o)

0100 O

0 00 3 O

0O 000 4

a

6n.m—k

m!
(m—k)!
:m — (m)k :m-k

and 4.F:

&
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Example: {2 % Al

H=p(a-1) Because [@, I]1 =0,

exptH =exp(pt(a—-1)=exp(—ptl)exp pt a

o ()",

— o PI oA

= ¢ Z n'! @
1 0 0 0 0
pt 1 0 0 0
Ll pt 1 0 0

= (’_pf 3 2
(;;r!) (p:r') 0 t 1 0
et (1)} (p1)

y T 5 et 1

Q-Bio 08/08
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Operator Algebra Translation

Reaction net:

Translation:

S-E-P Example:

{m;?‘?’ Ai} L {n';r:' Ai}

1
R / i
H= g k(’)[(l—[(ﬁ,)"’
i=1

r=1

I I
(]_[ (a;)"" ] - [ @,
i=1 i=1

H=Y 0,=% 0,-Y D,=H-D

PIN1[i,3]
auxin[i] = auxin[j]

SISL

kf (&3 a, a» —Nl [\'7:) +k,.1 ([71 &2 aj —]\’73) +kd (&1 &4 as —17\]3) +kr2 (&3 a, dy _1,\,71 1\74)

Simulation:

d
—— Pr(#| 0)=HPr(t]| 0)
dt

Pr(t] 0) = e'® Pr(0)

Q-Bio 08/08
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Elementary Processes

A(x) = B(y) + C(z) with py(x, y, z)
B(y) + C(z) — A(x) with p_(y, z, x)

Examples
— Chemical reaction networks w/o params
—  HydrogenAtom(x), HydrogenAtom(y) — HydrogenMolecule(z)

with f([[x—y[Dexp(—(llx—zI* +lly-zI)/207)

~ {bacterium(x), macrophage(y)} = macrophage(y) with p(|[x — y||)

Effective conservation laws

— E.g. [N,(x) dx + [ Ng(y) dy,
JNL(x) dx + [ N(z) dz

Q-Bio 08/08
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Elementary process algebra

Al (..l'l ), Ag (.\'g ), An(-\-n) — Bl(_\'l )! B'Z (\2 ) Bm(‘\’m ) with p({\z} {\j})

e Composition is by independent parallelism @ —( EW ) p
e Dynamics from the Master Equation: dt '

processes,r

e Create elementary processes from yet more elementary “Basis operators”
— Term creation/annihilation operators: for each param value,

0

=M On+1m

Q

Il
OO e O
o = O O
—_— O O O
SO O O O
O O O =
O O O
O W O O

0
= Opms1 and a=1|0
0

la, al=(a a— aa)=1:

— Obeying Heisenberg operator algebra

[a(x), a(y)] = 6(x—y)[I + N Q(N | n®™=)]

— Yetclassical, not quantum, probabilities [Annals of Math. and A. 1., 47(3-4), January 2007]

Q-Bio 08/08
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A general solution method

... for recursion equations of small reaction nets

e Generating function

(o)

G ({2}, 1) = E Proiy, omciyy (1) 1—[ (z;)"" Gony({z}, 0) =]1. ()"
i

{n(i)=0}

Operator algebra representation
0

ai = 0.4 = —=—, @i~ 2z, I=>1, Ny=a;a; = z; 0y, and [a;, a;] = 0;;

8z,-

e Context-free grammar = first order linear PDE



UCI ICS IGB SISL
Example: {A o}

Operator: H=p(a-N)

. d d B 0
PDE- m Gm(Z’ f) = H Gm(Za ’) = P(—' —Z ""'Z') GI)I(Z, f) = P(l - Z) F Gm(Za f)

Solution:

m

Gu(z, ) =(z=1 e +1)" = Z('”

11
n=0

_ _ m—n . : -
)(? P — e P 7', n ~Binomial(m, e °")
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Example: {23 854

Operator: ~ H=k(@a-NMDb)+k (@ a-LN)

PDE (A (22 —21) (02 —k 01) — A] gim) 2 (z)=0
IC: J8mr @dA =V @
Change variables:  8m@=4VZ% a0, {=a/z

PDE: ke (1= O (ma & —my k) = (C+K)F7) = AT gpma (€) =0
5 ) DSolve[((1 =) (ma & —my )k, ) gm[{. 1] = (1 =) ({ + KK, O gml{. 1] ==
Solution: ~£8,8mll. 1. gnlZ. 11, 4L, 1]

{{gm (g, 1]1->

—Log[-1+ ] —kLog[{ +«k] +tk, +1kk,
(1 +wk, ]}}

efm (g_*_ K)—K(ﬂu +m3) C[l][

v K (my+m,)
Impose IC’S: 8o (&, 1) = e M=) ( e, 1)+ K)

{+k
Uy 1 () = log(d = 1) + klog({ + &)
l.[fx,k, (¢(§, t)) = _(1 + K)kr I+ l,bx.k, (§)
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Examp]e; (A 224 0254 A% o)
O Operator: H = p; (&2 a—N)+pd (@a-N)+p;(@a-1)
@ PDE % Gn(z.1) = HGy(z, 1) = (pz- =D+ (pp 22 = (ps + pa) 2+ pa ) ;%)Gm(z, 1) =AG,(z. 1)
e [C:  Guyda,0) =TI, @
e Solution: DSalve|

agm (Z, t)
ot

2 a m ’
== p3 (2= Dgn(z 0+ (01 2 = (o1 + p2) 2+ 2 ) —g—g(zz—’—),gm(z, 0, [z, r}]

Log[-1+z]-Loglzpy —p2] +1p1 — 12 ]}}

{{gm [z.1] => (z py — pg)‘% C[
P1 — P2

 Impose IC’s:

(pb _pd) )Pi/Pb

o0
(4, ) pb(]. _ e(pb-—pd)f)z -+ (pb e(Pb"Pd)t _pd)

(Galton-Watson solution;

((pb — Pd elPr=palt) 7 +pd(e(Pb-Pd)f - 1) )’"

semigroup rep.) (1 —elpe—ralt) z + (pp elPo—Pilt — p,)
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Example: {A+B RNYole iA+B}

® Operator: H=ks(azaya, =Ny N, ) +k, (@) @ as — ) [, N3)

o PDE: [kr (Z3 — 2] 22) (63 —K (91 32) — ,\] 8ima (Z) =0
o IC: [emr @dX =P 7P 2O

e Change of variable: gm @ =228 @, {(=a2/z
o PDE: &l1/{-D(0ns —3;)—k(my +0;) (my +8;)) — '] ga({) =
° Steady state: Qe +(my +my =)0y —dms [k + mymy) ga({) =

LSS =mm; go[§]1 -8 (m3/x) o [8] -840 [8] +xmy go [E] +xmy go [E] +90" [&]

DSolve[LSS == 0, g, [£], £]

9 cms x?m; my, - x?m; M3 - x? my my = m? C x*m +x°my, -2m cms
® S 1 . {{ e = o1 HermiteH[ 1 My 1 M3 2 M3 + M3 s 1 2 3 } L
O Il. 90[&.]* [ ] 2 ’ 2 \/5}(
. x?m; my, - x2m; My —x? my my = m? 1 o K2my +x2m, —2ms |
o121 pypergeonerricin |- L BB m m o mm a4 (g dmermotn )



New since 2006: UCI SISL

Nonstationary Partial Solution,
A+B <-->C

e Drop first of four terms. Solve:

DSolve[
(z72D[¥[z], {2z, 2}] - ((a+B-1)z+x (1-2)) D[y[z], {2z, 1}] + (aBf + &) ¥y[z] ==0), ¥[z], 2]

{{;[ - éf‘ 2 (@+8-K)* -4 (@B+A) C[l]Hypergeometrichl:
1%\? ’ ’ 3 lasB-x)7-¢ aBd) C[2] HypergecmetriclFl

a2 _ B, x,1 [(a+B-x)2-4 (aB=+A) , 1 o/ a+B-x): -4 (aB=+2A), _Emn

2 2 22V ‘ z 1]

e Use TOPE (perturbation theory) to add first term
back 1n, with forward reaction events

* Great acceleration possible far from equilibrium
(as life often 1s).
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Example: (A+B & C 2A+Dj

H =k (a3 ay ax —Ny N>) + k1 (@) Gz a3 — N3) +
’ Operator: kq(ay as a3 —N3) +k;» (a3 ay ag — Ny Ny)
e Changee of variable:
g (2) = D 7O 7O @ o (G, &) | 8 @D =0V B0 ZY LY g (41, &)
OH=nnln.0=024/2 §1=m,§2=23/(21m)
e PDE:
[(1=&1) (k1 &1 (m3 =87 ) — kg (my + 0 ) (my +9g,)) +
(1 =) (k1 & Oy, +hpmy O, +hf Oy, Op,)
+ (1= &) (kg &o(ms — 0 —0r, ) — ko (my +0p, +0;,) (my + 9, )
— (1= H) (kg & 0y, +h,0my Oy +h2 07 O7,) — ALy () 8pma (G1, $2) =
0.

 Problem: treat sol’n as a special function?
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Problem: Composition of
reaction network solutions

e Could special solutions e.g. to {A+B = C = A+Dj
composed 1nto approximate solutions of larger
networks?

e Can we decompose H 1nto a sum of solvable and
simulable parts, then use perturbation theory
(including Feynman diagrams) to simulate more
efficiently? To analyse more etfectively?

* Yes: Operator algebra TOPE shows how.
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Dynamics of moments

kfl’}

d T) (r)
Master equation g, PO =HP(n - {m? A = {l” A
k k
Moments <l—lnm> 17 [ Ny -Pe(
o=1 o=1
d
Dynamics: i [Jow)-
N X & ) (&) s L (m!” ) | (k()),,
211/\“ {2 6}“1 l p(l)' ]_ E ]J <l—[(71 +k(i p()}

Monomial rep: problem in Stirling numbers
d(" ) _ \ AN (1) _ 3 . m
Means only = mass action: = D R - o

r=1

Problem: find a useful, probability-
conserving cutoff beyond the means.
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Methods

e Operator algebra
ime-ordered Product Expansion

* Rejection sampling

Q-Bio 08/08
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Generation of valid algorithms

Compute or sample exp ¢t H ; e.g. Euler’s formula
t N
e¥ = lim 1+ — H]|
n—= o n /
Approximate: Trotter Product rorinua
° f Y n
— llllln—b;\) [e(f,'n)Ho e(_t;n)Hl ]
Second-order operator splitting
CBH formula

t £ t3 ,
exp (tHO)exp (tHl) = exp (tHO +tH; + §[H0,H1] + E[HO, [Ho,Hl]] — E[Hl, [Ho,Hl]] + O(fi))

Time-ordered product expansion (TOPE)

exp(tH)- py = exp(t (Hy + Hy)) - po

0‘_7_ t 173 9]
:Z [f d’kf dti_ f dty exp((t — 1) Ho) Hy exp((fx — fr—1) Ho) -+ Hy exp(f; Hp) 'Po]
0 0

0

[Annals of Math. and A. 1., 47(3-4), January 2007]

Q-Bio 08/08
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 Time Ordered Product Expansion (TOPE) formula:

exp(tH)- py = exp(t (Hy + Hy)) - po

= I 'y
_ E U drlfdr:---f dtn exp((t — ta) Ho) Hy exp((tn — tn1) Ho) -+ Hy exp(ts Ho) |- po
0 Iy Tt
n=0

— H, = the easy part (if only recursively)

— Feynman diagrams result (QFT: Perturbation theory, Wick’s theorem)
* @illespie stochastic simulation algorithm

— H,=diag(1-H); H,=H"

— Mixed ODE/SSA algorithm (novel)
e Other possibilities:

— Exploit analytic solutions

— Multiscale

— Operator splitting - higher order

Q-Bio 08/08



A Key Step 1n Deriving SSA

e TOPE:
O exp(tH)-po =exp(t (Hy + Hy)) - po

= I i
=Z [f dtlfdtg---f dty exp((t — tn) Ho) Hy exp((tn — tu-1) Ho) --- Hy exp(ty Ho) |- po
0 t] In-l
n=0

e SSA:

Ltdtk exp((r —1x) Ho) Hy -Pr({n}, k— 1| 1)

Pr({n}, 7| k) = - .
[Par [ dnexp((t’ - 1) Ho) Hy - Pr((n), k — 11 1)

= [A -Pr((n}. k= 118)|/[1-H -Pe({n}, k- 1| 1,)]

Q-Bio 08/08
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Elementary Processes

as “generalized reactions”
A(x) = B(y) + C(z) with py(x, y, z) <
B(y) + C(z) = A(x) with p_(y, z, x)
Examples :

— Chemical reaction networks w/o params
—  HydrogenAtom(x), HydrogenAtom(y) — HydrogenMolecule(z)

with f([[x—y[Dexp(—(llx—zI* +lly-zI)/207)

~ {bacterium(x), macrophage(y)} = macrophage(y) with p(|[x — y||)

Effective conservation laws

— E.g. [N,(x) dx + [ Ng(y) dy,
JNL(x) dx + [ N(z) dz

Q-Bio 08/08
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“Linguistic” ontology

Part of speech Biology Model syntax
Nouns Objects Parameterized
terms
Verbs Processes Generalized
reactions
Prepositions  Relationships OID params

Q-Bio 08/08

Math. semantics

Fock space

Time-evolution
operators

Graphs
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Basic Syntax for a Modeling Language:
Stochastic Parameterized Grammars (SPG’s)

e [ =setof rules

e Each rule has:
— LHS — RHS {keyword expression}.

— Parameterized term instances within LHS and/or RHS

— LHS, RHS: multisets (of such terms) with Variables
e LHS matches subsets of parameterized term instances in the Pool

— Keyword clauses specify probability rate, as a product
 Keyword: with

— Algebraic sublanguage for probability rate functions
 rates are independent of # of other matches; oblivious.

[Annals of Math. and A. I., 47(3-4), January 2007]
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SSA for SPG’s

e SSA derived from TOPE for “fresh events™
e Algorithm

— Factor p"(x, , x, ) = k" (x; ) p™ (x| x;)

— Compute SSA propsensities as k" (x; )

— Decide which reaction » to execute, as usual

— Draw x, . from p (x_, | x; ) and execute

out

e Result: reaction schemata, or rewrite rules

— Integration over parameters ~ pattern matching

Q-Bio 08/08
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A Modeling Language for
Biological Development

“Dynamical Grammars” formal language
SPG + ODE'’s

Implementation: “Plenum”
[Mjolsness and Yosiphon 2006]

Generalizes Cellerator to multiscale dynamics
Mixed stochastic/DAE simulation algorithms

1-page reimplementation of weak spring tissue model with
cell division

[Annals of Math. and A. 1., 47(3-4), January 2007]

Q-Bio 08/08
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SSA + ODEs

e SSA:

WU, ' |J. 1)~ WIJ exp(—(r' —=1)D;;)1(f =1)
e What if D varies with time?

~ DAt > |D(t)di
— Achieve this with an extra ODE

* Heterogeneous dynamics simulation

Q-Bio 08/08



Key Steps 1n Deriving Hybrid
ODE/Discrete Event Simulation

e Using perturbation theory

exp(r(—v({z})- V.-D)) =exp(—rv({z})- exp( fa’r'D(:(r’)))
0

:exp(r‘O{DE])exp( fdr D[ (0)+f \'({:,})a’r")}
0 0

e But this can also be achieved with ODE’s:

Z=1(z, 1)
V(z) = (v({z}), —D(2))
\_z=(\- 5\)
Opr) = V(Z)Vz =v({z}) -V, -D(z) 6,

Q-Bio 08/08
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Plenum capabilities

Stochastic event + ODE models
Variable-structure systems (VSS)

— Processes that generate processes &
compartments

— Hybrid systems with change of dimensionality
Graph grammars (GGQG)
=> dynamic geometries

Limited multigrid diffusion (PDE) support

Q-Bio 08/08

SISL
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Example
Olfactory Receptor Lineage
NC
Stem Cell 6 — | SUS
P ) O Kawauchi, Beites, Crocker, Wu, Bonnin,
Murray. Calof, Dev. Neuroscience 2004;
: j 26:166-180
Mashi*
Progenitor @ OE : ORN
INP _ é é
(Ngni*) ,r"' .; u /
AL Y NA Stem
A GBC| S ﬁ ‘-Yﬁ' %ﬁogémtor Cells
HBCE = E “ ~——BL
LP =
OEC ON
GO G4 .

Q-Bio 08/08
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Concrete OE grammar

ool o<N

Mash1t
Progenitor

Stem
Cell

INP
(Ngn1*)

(*stem cell mitosis*)
Stem::Cell (x, r) — (Stem::Cell (x,, r/2"4), Stem::Cell(x,,r/2'4 )}, with py; P(x;, X, | X)/T
Stem::Cell (x, 1) = {Mash]::CeII (x;,7/2Y4), Mashl:Cell(x,,r[2'4 )} with pg, P(x;, x, | x)/T
Stem::Cell (x, r) — {Stem::Cell (x,, r [2'®), Mashl:Cell (x;,r [2"®)}, with po3 P(x1, x; | x)/T
(*Mashl mitosis*)
Mashl:Cell (x, r) — {Mashl:Cell (x;, r [2'4 ), Mashl::Cell(x;, r[2'¥ )} with py; P(xy, x2 |X)/T
Mashl::Cell(x, r) = {INP:Cell(x;,r /2" ), INP:Cell (x,,r [2Y4))}, with p,; P(x;, %, | X)/T
(*INP mitosis*)
(INP::Cell (x,r), g = Signal_Field (¢)} — {INP::Cell (x,r /2" ), INP::Cell (x;,r[2'4 ), g}
with p21(6(x) P(xy, x2 |x)/T
(INP::Cell (x, 1), g = Signal_Field (¢)} — {ORN::Cell (x;,r /2" ), ORN=Cell (x,,7 /2" ), g}
with p2,(6(x)) P(xy, x2 |x)/T

Q-Bio 08/08

ORN

(Ncam™)

(*cell growth*)
Cell(x,r) = Cell(x, r)
solving {-“% = u(r))

(*cell movement due to neighbor cell position*)
{cl = Cell(xy, ry),c2 = Cell(xz,r)} - {cl,c2}
solving { —‘%‘— = ¢(x1, r1, X2, rg)}

(*cell movement due to boundary position*)

{c]l = Cell(xy, ry), b = Boundary(x,)} — {cl, b}

solving { L% = g(x1, r1, 12, 0)
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Epithelial Grammar

grammar Epithelial[
(*replication™)
Cellfr, x,r, g) = {Cell(t, x —rf2,rj2, g), Celllr, x+r 2, rj2, ) }
with g1(7,7.g)
(*differentation®)
Cellft,x,r,g) = {Celllt+1,x—rf2, 72, ), Celllt+1, x+7[2,r {2, 2) }
with go(7,7.g)
(*death*)
Celllt,x,r,8) =1{1}
with p3(7.7.g)

(*growth™)
Cell(r, x,r, g) = Cell(t, x, 7, 8
solving { dr - k} m
dt
(*motion™*)

{Cell(r), x1, 71, 1), Cell(tz, x2, 72, g2)} = {Cell(ry, x1, 71, g1), Cell(ra, x2, r2, g2)}
. d’xl
solving { == m(xy, 1, x2, rz)}
t
(*protein concentration®)
{Cell(r), x1, 71, 1), Cellfta =4, x3, 2, g2)} = {Cell(r), x1, 71, g1), Cellfta =4, x3, 72, g2)}

solving {g) = f(x1, x3, m2)}

Guy Yosiphon, UCI Q-Bio 08/08
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Some URLS

e (ellerator, xCellerator, Cellzilla
— www.xcellerator.info
— www.cellerator.org

e Sigmoid
— www.sigmoid.org

 Plenum

— http://computableplant.ics.uci.edu/~guy/
PlenumLicense.html

Q-Bio 08/08
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Methods

e Operator algebra
 Time-Ordered Product Expansion

ejection sampling

Q-Bio 08/08
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Rejection Sampling )

Rejection sampling allows one to exploit probability bounds in exact sampling, as follows: given a
target distribution P(x) and an algorithm for sampling from a related distribution P’(x) and from the uniform
distribution U(u) on [0.1]. and if

P(x) < M P (x)
for some constant M > 1, then P(x) satisfies

P(x)

P(x)=P'(x
(x) (x) VP

+(1-1/M)P(x)

and therefore also

P( -)—fP’( -’)d-'fU( \d [1( P& )5<- ') 1( , P& )P( -)]
X)) = A A u u U < W R | + U= M?’(\’) A

which constitutes a mixture distribution, that can be applied recursively as needed to sample from P(x).
Pseudocode for sampling P(x) according to Equation 13 is as follows (where "//" introduces a comment):

while not accepted {
sample P’'(x) and U(u): // P'(x) only approximates P(x)
compute Accept(x) = P(x)/(M P’(x)): // acceptance probability
if u < Accept(x) then accept x:

} // now P(x) is sampled exactly

-1V UO/vo
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Stochastic Simulation

¢ SSA: WU, '], 1) = W]’] exp(—(' —0)D;p)1(7" = 1)

Pr(.|J, k)= W¥ePr(.|J,0)= [Wexp(-ArD)1 (A7 = 0)]k oPr(.|J, 0)
* Exact R-leap:

.~ L
. Dy 1_
{ l—[ W exp(—1x D)] = DOr, 1-1) 7 Z Multinomial(s | p, L)
k:L—l"’uO ]L "10 (DIO L—l ) {S I SrEN . Zr Sy :L}

x Erlang (Z Tk
k

D, I]UmformSunplex( : L) Accept(s. L, 1)

Q-Bio 08/08
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: SSA

x 10




CPU time / sim time

10

Simulation speed

| -©-ssa
|| == erleap
A rleap

107 |

107}
|

0"’

|| -B—tauleap

AN

10 e
| -©-ssa
| == erleap
| -Arleap
"0 -B-tauleap

CPU time/ sim time

UCI ICS IGB SISL

3
10"

.0‘
Initial Molecul

i’
es

Q-Bio 08/08

0’

‘l)‘
Initial Molecules

1’ 10
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Methods

e Operator algebra
* Time-ordered Product Expansion

* Rejection sampling

Q-Bio 08/08
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Outline: Math. Methods

o Statistical Mechanics

— SM 1n metabolism, transcription

e Stochastic Dynamics

Mathematics

— Operator algebra
%j? Classical Spatial Dynamics

— Hybrid systems; elastic dynamics

e Computational Dynamics
— Semantics

— Computational Morphodynamics
Q-Bio 2008
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Arabidopsis
Shoot Apical Meristem (SAM)

Q-Bio 08/08
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WILD TYPE clavata3 mutant
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)
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CLV3/WUS networks

0 lv1
wus:i%nj,c '

O .0 _xlv3
({CLV1 + CLV3 = CLVIActive, al, dl}. diffusive

(X — CLV1, GRN[hGRN —> h2, RGRN —> v2. nGRN —> n2]}.

(WUS > X, GRN[hGRN —> h3, RGRN —> v3, nGRN —> n3]).

(WUSI = WUS, GRN[hGRN —> h4, RGRN —> v4, nGRN —> nd]).,

CLV1Active
{Z=>Zl, MMIKS, \-’5]},
{Z1+WUSI =Y. a6, d6}}

Jonsson et al., Bioinformatics 21, 2005



SISL

UCI

(2D)

101

10n simulati

[Laser ablat




+ /home/mathman/Desktop/Activator.nb

File Edit

Insert Format Cell

= Wushel Activator Model

Clear[L1];
intermal[:i | := {

{Y[:] »¥[i], GBRN[1/ tauw, Twy, 1, hw, signa]},
(A[i] »¥[i], GRN[1/ tauw, Twa, 1, hw, sigma]),

Vi1 +9, dv},

(9=Y[:i], kyL1[:], dy},
(9=A[:i], a, betas da Y[:i][t]},
(2A[1] +B[1] - 3A[:], c).

{A[i] = B[i], b)
}:

external[: , 7 ] :=((Y[4] »Y[J]. Dy}, (A[:]~A[J], Da), (B[:]+B[s], Db}}:

SIN =

createNetwork [ xyreristem, intermalNetwork -+ intermal, interactionNetwork - extermal,
connectionlist -+ “Prunedielamay”

1:
myic[ s ] :=Join|

Table[W[i] [0] == O, (i, 1, 7}],
Table[Y[1][0] == 0, (3,1, /)],
Table[A[i][0] =0, (i, 1, 131,
Table[B[i][0] =0, {i, 1, 7}]

1:

L1[: ] := If[MemberQ[sc, :],1, 0];
sim = Timing [run[istn /. rates, (0, 500}, initialConditions + myic([n]]]

2 dimensional data
253 cells
1771 internal reactions

4230 intercellular reactions

0 global reactions
6001 total reactions

Graphics Evaluation Palettes Window Help

xy = Import[“geometry.txt",|"Table"];
sc = surfaceCells /. boundedCellVoronoi[xy, surfaceCells .+ True];
rates = {(ky - 0.2, dy -~ 0.1, Dy - 0.1, kD~ 3.0, tauww - 10, dw - 0.1, hw -+ 0,

Twy - =20, Tva- 0.5, a- 0.1, b= 0.2, beta+ 0.1, c+ 0.1, d - 0.01, Da~ 0.1, Db~ 1.5};

Using Pruned Delaunay Triangulation for Near Neighbors Cormnections.

Cellzilla WUS model

xcellerator

Michaelis - Menten

Mass Action Reactions

ElEe

UCI ICS IGB SISL

xCellerator

ol

IQD’

GMWC Reactions

azo|"#=0/lg=g

Q-Bio 08/08

S - Systems {m 40, 0}
NHCA {30, o}

{s =0, o, o)

se il 4o B
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Cellzilla Brusselator

(+ Define the Grid «x)
xy = rectGrid[10, 10, 1];

(* Define the reaction network +)
n = Length[xy]; internal[i_] := {{#=A[i], ki, ka2},

{2A[i] +B[i] » 3A[di], ks}, {A[i] - B[i], ka}};
external[i_, j_] := { {A[i] —» A[]j], Da}, {B[i] - B[j], Ds}};

(* Generate the entire sytem of reactions «)
STN = createNetwork|[xy, internalNetwork —» internal,
interactionNetwork —» externmnal];

(* Generate the differential equations «x)
istn = interpret [STN];

(* Define random initial conditions «)
r := Random[Real, {0, 4}];
ic = Table[{A[i] [0] ==x, B[i][0] ==x}, {i, 1, n}] // Flatten;

(+ Define the rate constants «)
rates = {kl-i-z, kz—‘ -2, k3—0.2, k‘-o.S, DA-»O.OO2, DB-'OO.

(* Run a simulation «*)
sim = run[istn /. rates, {0, 3000}, initialConditions - ic,
MaxSteps - 100000] ;

B. Shapiro et al., ICSB 2007 Q-Bio 08/08



UCI ICS IGB SISL

CLV/WUS model behavior

L4 f*‘i/;f'\:/“\" R\H
ML A
‘\\I\ " ! A f*“k:—f:?\ - - -
I L Activation domains
LN 2 S S S in Cellerator model:
D L IR S (A WUS (yellow),
n ’,\ /\“‘Q\’ |\_\||//‘|\.\I|//\’a,.'{f\\//\
e e LSE CLV3I1 (green),
A AN SN '\\i"jﬁ;/ﬁ\\\“/ﬁ;i\“/ P CLV3 (blue and
# e purple), CLV1 (red

\\\\\

> &

$-9

[ L e 1 Mt 2 \‘I// :/l
#*_e-w-w-&-%-e--9-9  and purple).

\f/fl/‘\‘//\\\‘//)//‘

-9

&--¢

Q-Bio 08/08
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Methods

*Hybrid systems

* Homotopy methods

 Finite element methods

Q-Bio 08/08
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A multiscale question

for Variable-Structure Systems:

Where does “branching” come from?

— Trees branch

— Cell lineages branch

— Chemical reactions branch

— Is there a relationship?
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SAM
growth
imagery

PINT1 cell
walls

Venu Reddy,
Caltech
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Weak spring model

R Y=Y

Q-Bio 08/08 [J. Plant Growth Regulation, 25(4),
270-277, December 2006]
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Variable-Structure
(Dynamical) Systems

e Definition:
Dynamical systems in which the number of

state-bearing objects and/or their relationships
change over time.

 Examples:
— gene duplication in a GRN

— dynamical regulatory networks

— dynamic spatial compartments in
developmental biology, geology, ...

Q-Bio 08/08
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Multiscale dynamic model of phyllotaxis

Emergence of new
extended,
interacting objects:
floral meristem
primordia.

DG’s at = 3 scales:
- molecular;
- cellular;
- multicellular.

PIN1[2.3] auxin [i]
{auxin[i] =auxin[j], §=PIN1[i],

auxin[j]

PIN1[i] —=PIN1[i, j], PIN1[i, j] - @, PIN1[1i, j] > PINl[i]}

[H. J6nnson, M. Heisler, B. Shaptro, E. Meyerowitz, E. Mjolsness - Proc. Nat’l Acad. Sci. 1/06]



UCI

Red: Plasma Membrane Dye

Heisler et al. Curr. Biol. 15:1899-1911.




UCI

Basic elements of the
phyllotactic model

Intracellular regulatory networks

Polarized transport of auxin by PIN1

— Positive feedback loop by hypothesized signal
= Autoregulated transport

— Auxin and 1ts anion in boundary compartments

Cell growth, mechanics, & division

Dynamic topology of neighboring cells
— Weak spring mechanical model

SISL
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Auxin/PIN1 Details

ddiz _ —ds A+ — 1 [pwzaek fw ik — f,’}&z) (S1)
keN:

d;?te'j = Ay + ‘11] (as; {pa (fcell _ fual A (52)

Cg ‘iik (AZPA—P%) )

dd—l} = B%—A'QPU. (S4)

[H. Jonnson, M. Heisler, B. Shapiro, E. Meyerowitz, E. Mjolsness - Proc. Nat’l Acad. Sci. 1/06]



y reversal 1s abrupt and has a sharp bo
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3D Visualization

Q-Bio 08/08
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Wall spring model

, Henrik Jonsson 2008
Q-Bio 08/08
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Methods

e Hybrid systems

omotopy methods
 Finite element methods

Q-Bio 08/08
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Dynamic-PIN1 root (stele) model

e Sources

— [Likhoshvai et al ICSB 2007]
— [Likhoshvai et al. Russ. J. Dev. Biol. 2007] (pdf)

—  http://www.springerlink.com/content/51186m;j315438167/?p=a03c85c87c8d4872aal7ce98938765d1 &pi=4

e Methods

— Two-mechanism model (~C. Kuhlemeir suggestion?)

— Model reduction eliminates PIN

da,

‘a. P
T = 0o+ P!un—l - P,(l" - k’dun - ]{Dun.f (a,), | (I—[ I I
( - g/
da flay) = * p
i - - [ a; \ fa;\"2
— = Pla;, +a; ) +Koa;, fla;,,) 1+ —| L+ —]
dt \qin/ / \qy/ /
—-2P,a;—Ksa,— Kya;f(a;), i=n-12,
da; i .
T‘ - _Plul_kdlﬁ+P!(12+k0(13f((13).
(

— Homotopy method finds steady states [Fadeev 1998]

Q-Bio 08/08
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Root (stele) model results

* Auxin near the tip

[Wang et al. 2005] B
e Possible lateral LH initiation steady states

a6

. Awdn concentration 1
P L & \ 5 . - \)t‘x_
AN A\ £ I\
oo LW [ \A ad \
) SRV A J A\ i T

Software: STEP [Fadeev]
Q-Bio 08/08
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Methods

e Hybrid systems
* Homotopy methods

*Finite element methods

Q-Bio 08/08
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“Cell complex” framework:

Plant cell mechanical model

(a) 3D polyhedral model of plant cell. Expanded view shows separate walls (yellow) and
cytoplasm (green). (b) FEM simulation of model cell deformation. Original cell was held at
the bottom, stretched and twisted by 30°. Resulting shape and mesh shown ig

Original cell given as the green outline. (c) The same cell expanding under u
pressure. Result of simulation shown in red; original cell in green.

(d): Arabidipsis embryo FEM grid.
[Figures courtesy Pawel Krupinski, UCI/Lund,
Computable Plant project . ICSB 2007]

Q-Bio 08/08
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All quantities of interest (stresses, strains) are evaluated in discrete Gauss points,

so they can be easily integrated or interpolated.

111 Nint

[[[a€m.¢)dédnds = zg(g 7 EW

-1-1-1
é,n,é : Gauss points
W, : Gauss weights

Gauss points are chosen to exactly
integrate finite degree polynomials

over the domain
Eight point Gaussian quadrature rule

Integrates exactly 3-quadratic
functions over the reference cube.
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FEM microtubule mechanics

principled_nodd_0 Magnilide

0.0300

0.00750

Q-Bio 08/08 Pawel Krupinski 2008
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Principle components of Growth




UCI ICS IGB SISL

Regulatory/FEM simulator

S s

&5
=43

3
A AN
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sy
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B NRRY b

Pawel Krupinski,

2008
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Methods

e Hybrid systems
* Homotopy methods
e Finite element methods

— (cell division requred)

Q-Bio 08/08
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Outline: Math. Methods

o Statistical Mechanics

— SM 1n metabolism, transcription

e Stochastic Dynamics

Mathematics

— Operator algebra

e (Classical Spatial Dynamics

— Hybrid systems; elastic dynamics

5}% Computational Dynamics
— Semantics

— Computational Morphodynamics
Q-Bio 2008
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Methods

{:ﬁ% Semantics:

— Dynamical Grammars process composition
language

e Multiscale methods
e Graph Transtformations
e Parameter estimation

 Computational Morphodynamics

Q-Bio 08/08
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SPG Modeling Language: Semantics

Semantic map W: I —H
from Grammar to Stochastic Process

 Commutative diagrams for composition
operations T 5 I’

¥ ¥

H, dp/dt — H’, dp’/dt

¢ Tr anSIEdeﬁue the rule’s generator

Or =pr L{.l-u..r;} l—[.‘erbs-jrn a(ti, %) I jemsr) a(Tj. %;) Pr(lxi} | {(x)
0, = 0, —diag(17 - 0,

Q-Bio 08/08
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Operator Algebra Specifies
Stochastic Process Semantics

e Grammar rule: {T,‘(X,‘)} - {T,j(yj)} with pr((xi), (y]))

— E.g. reaction net: ]

- - I o) (1 . I
{mgr) Ai} i) {ngr..' Ai} H= Zk‘”[[l:[(ﬁi)"’ ](l:[ (a;)™ )—l:[(Ni),,,yo

r=1

e Semantics (Pr(ylx) given e.g. by Dependency Diagram)

define the rule’s generator

Or =pr Z*{.r';'..r;'] l—Lerhs(n a(ti, %) I-I."Elhsiir ) (1(,".’) > Xj ) Pr({x;} | {.1',- 1y
0, = 0, —diag(17 - 0,

\ " d . .
H= Z‘O,. ETPI(H 0)=HPr(t] 0) Pr(t]| 0) = e'® Pr(0)

— Variable-binding by summation/integration
Q-Bio 08/08 [Annals of Math. and A. 1., 47(3-4), January 2007]



UCI SISL
Operator Algebra Composition Operations:

+, * exp, I, d/dx, 0/0f(x)

Operator algebra Informal meaning r Syntax
e H,+H, * independent, parallel e parallel rules
occurrence )
e H,*H, * instantaneous, serial * Multlp le terms
(noncommutative) CO-0occurrence on LHS, RHS

e Invocation

* exptH (forlarge t) time evolution (possibly fast)

(can be recursive) e subroutine call (information or via keyword
* Projection, hiding) .
=1 e via keyword
o« (didx)" e  Spatial limits: e solve keyword
— functional derivatives = — ODE’s
— (SI8fx)) — Diffusion/drift SDE’s

— PDE’s, SPDE’s
Q-Bio 08/08
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DG reaction-rule keywords

introduces rate modifier

Importance Keyword . semantics
expression ...
Essential
R o : discrete transition opera-
with probability rate function P
tor, or factor thereof
. . . . differential operator, or
solving differential equation ! ‘

Increased expressiveness

Convenience options

subject to

via

solving

substituting
under
where

constraint

sub-grammar invocation

functional differential
equation

macro grammar expansion
Boltzman energy function
constraint

sumand thereof

limits of the essential ones

delta function factor in
discrete transition operator

exponential factor
exp(T W) in discrete
transition operator

functional differential
operator

semantics after expansion
related to with
same as subject to

iPlant CSHL 4/8/08
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Composition of Processes

e Parallelism:

— Union of reactions =2 sum of operators

e Submodels:

— subgrammar (via), macro (substituting)

e Inheritance

Q-Bio 08/08
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Expressiveness progression

e Reaction-like processes
— Mass action
— Algebraic rate laws
— Stochastic events (operator algebra foundation; graph notations)

— Indexed reaction schema (eg. molecular complexes, fixed spatial models)

e (@Generalized reactions

— Parameterized reactants; Stochastic Parameterized Grammars
— Variable-structure systems (VSS)

— Graph grammars (GG), eg. via object identifier indices

e Dynamical Grammars
— Add in ODEs,

Q-Bio 08/08
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Methods

e Semantics:

— Dynamical Grammars process composition
language

ultiscale methods
e Graph Transformations
e Parameter estimation

 Computational Morphodynamics

Q-Bio 08/08
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Multigrid 1n oft-grid OE example

—~—
o
|

= INP::Cell (x, 1), g = Signal_Field (¢)} - {c, g}. solving { 2

- k[(,\'. l')}
ORN::Cell (x, 1), g = Signal_Field (8)} = {c. g}, solving {

> = ko(x, 1)}

prey
o
Il

Q|
o~

Signal_Field (¢) — Signal_Field (¢)

solving { 2% = D‘;—f -d o)

at

(INP::Cell (x, ), g = Signal_Field (¢)} — {ORN::Cell (x,,r/2Y4 ), ORN:Cell(x;,r /2" ), g}
with py,(6(x)) P(xy, x5 | x)/T

Q-Bio 2008
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Biology, networks, & models:

UCI ICS IGB SISL

Biological scale hierarchies

Noun and verb hierarchies:

Objects(L+2)

tissue tissue Processes(L+1)
I11 — |11
Cel CT Objects(L+1)
athwa = pathway \
P | y ‘ t | ) Processes(L)
athway ..
molecules | - molecules \
10lecules Objects(L)
Procepses(L-1)
biology math. model /
hierarch Letwork hierarch
g network g Objedts(L-1)
, hierarchy )
’ y(® > y(t+z)\
z(t) T
Bl Q-Bio 2008 Va

x(1)

v

»  z(t+A)
X(t+A) /



Graph - Dynamics
frameworks

Sparse matrix =2 GRN model
Labelled bipartite reaction graph > ODE

model (eg. Sigmoid)

Multiset rewrite rule graph > stochastic

models

... all permit graph reduction = model

reduction

Q-Bio 08/08

UCI

SISL
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Methods

e Semantics:

— Dynamical Grammars process composition
language

e Multiscale methods
raph Transformations

e Parameter estimation

 Computational Morphodynamics

Q-Bio 08/08
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Graph Meta-Grammar

F:{{A. = term(ri,xi,[AG(i,a)‘a € A})‘i € I}

%{A} :term(r},x’j,[A;(j’ﬁ)‘ﬁeB})‘j e |}
with T! _ e[01]
}




UCI ICS IGB SISL

Graph Grammar Example

grammar (discrete-time) graph-recursion (start — {node(i), G-connection(a,i,j) } ) {
start — node((0)), G — connection(1, (0), (0))
N=node(i) — N=node(i), { node((i, ir))|A¢,,) = 1%, < imaz }
under E = p3 ;) Adin)
G-connection(a, i, j), N=node((i, 7,)), M=node((j, j.))

— { G-connection(b, (i, i), (j, jn))|G*;, =1 }, N, M

ao al—lal 4(21 1,)4(11 )
(i1...i1,)(7 Z H (2171)

{a;} =1



UCI ICS IGB SISL

Eg. Graph Prior,
graphically transtormed to MCMC algorithm

Ecp(G,z) = C1 3, Gij([[xi — x5l — d)* + vemp (X Gij |\, v)

Q-Bio 08/08



Graph Grammars in DG’s:

UCI ICS IGB SISL

Root growth model in Plenum

(*change cell mode from growth to wait,when over a radius threshold x)
cell[celllID, 1, loc, rad, auxin, y, cellIDPrev, cellIDNext] -
cell[cellID, 2, loc, rad, auxin, y, cellIDPrev, cellIDNext],
with[gGrowthModelMult x stopGrowthConst * grammarSigmoid|
rad - gLimitCellRad, gDivideTemp]].,

(xdivide a cell when its in wait modex)
cell[celllD, 2, loc, rad, auxin, y, cellIDPrev, cellIDNext] - {
cell[celllDPrev, cModeP, locP, radP, auxinP, yP, cellIDPP, cellID] —
cell[cellIDPrev, cModeP, locP, radP, auxinP, yP, cellIDPP, grammarCreateObjectID[1]],
cell[cellIDNext, cModeN, locN, radN, auxinN, yN, cellID, cellIDNN] —
cell[cellIDNext, cModeN, locN, radN, auxinN, yN, grammarCreateObjectID[2], cellIDNN],

cell [grammarCreateObjectID[1], 1, loc-rad+2radxcellpart +rad« (1 -cellpart),
radx (1 - cellpart), auxin, y, cellIDPrev, grammarCreateObjectID[2]],
cell [grammarCreateObjectID[2], 1, loc - rad + rad xcellpart, rad xcellpart,
auxin, y, grammarCreateObjectID[1], cellIDNext]},
with[gGrowthModelMult » yEf fectOnDivisionFunc[y] * grammarPDF [
UniformDistribution[0.5 - gRangeParam, 0.5 + gRangeParam], cellpart]],

(* auxin active transport from previous cellsx)
{cO == cell[cellIDO, cModeO, loc0, rad0, auxin0O, y0, cellIDPO, cellID1l] ,
cl = cell[cellIDl, cModel, locl, radl, auxinl, yl, cellIDO, cellIDNext]} —» {c0, cl},

solving[auxinl' = k0 auxinO func[auxin0], auxin0’ = -kO % auxinO func[auxin0] ] ’

Vika Miranova (ICG) and Guy Yosiphon (UCI)

Q-Bio 08/08
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UCI ICS IGB SISL

Graph Grammars =2 DG’s

* In general:
{Ll(i_) = Ti(%a)3 (Laveion |O' e L.ogg ) |’ = 1}
—{Lyy lie Ty < T} U{Lvy =155y Ly o |0 € 1.000)) | j € T}
“lth pr({ a (Jl} | {\a(l)})

e ... translates to
{Taiy (Lagy» Xatiy» (Lyioy | € 1.05™)) |1 € T}, OIDGen(NextOID)
— {Taw (Lagy» Xat)» Lvgey lo € loim D ie I} U

{Ta"m(L‘\'m, .\‘;'u‘)» (L (.0 |Cr = 1"0?“ |J ceirlielz)AA() = '\’(j))} U
{Ta'u')(L.\'u'Js Xar () (L () | oel.of")) | JE 33} U (Null(Zy) |7 € 75}
| ) (OIDGen(NextOID + | 7 1))
with p,({.\';,( j»)} | {-\'am}) l—[ Og (Ly(j) » NextOID + j— 1)

jed:
[Annals of Math. and A. I., 47(3-4), January 2007]

Q-Bio 08/08
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Algebra(Graph Grammars)
- Algebra(DG’s)

e Eg. insert amarked item into and remove it from a list

(A(u), A(u)). A(m) — (A(u)., A(m). A(u))

(A(u), A(m), A(u)) - (A(u), Alu)). A(m)

DG
Oremove Omsert = Z ap, az‘ju ajku aijll ajkm ak!u] Z iy a!jm a_/ku 0p+1 aiju ajku a,, 0;

ijilk ijlk

= Z Z &IPI air ' u &1' Fulirl'udrymdyk u &ilu Aijm &jku Oi+1 Qi ju Ajku Qm OJJ
ijlki' RV

e GG algebra (result of a calculation):
Oremove Oinsert = Z Qitu Qriu 0151 Qi ju Ajku O
ijklalz

= Z O({(A(, J. u), A(j. k, u)), OIDGen(l)} — {(A(, I. u), A(l, k, u)), OIDGen(/ + 1)})
ijkiall=

=]

Q-Bio 08/08



CMD Modeling Frameworks

e (Generalized reactions
— SPG’s and DG’s (local topology = multiset) &

— L-systems (local topology = string)

— P-systems (local topology = tree+multiset)

— Graph grammars (local topology = graph) %
— Cell complexes (local topology = cell complex) ﬂ

e Spatial continuua
— PDE’s
— Cellular Potts models
— Spatial stochastic models
— Lively manifolds & CW cell complexes

Q-Bio 08/08
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Styles of Developmental Model

Turing: reaction/diffusion

PDE’s: can add growth, cell polarity, ...

Cellular/compartmental %%?f
— Weak spring, FEM, lively cell complex, ...

i

Image-driven

Spatially stochastic
Unified (any or all of the above)

Q-Bio 08/08
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Methods

e Semantics:

— Dynamical Grammars process composition
language

* Multiscale methods
e Graph Transformationa

arameter estimation

 Computational Morphodynamics

Q-Bio 08/08
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Bayesian outline of scientific
process elements and techniques

Posterior = likelihood * prior/ evidence:

P(D | Ma Dold ) P(M l Dold )

P(M | D) = D D)

 D=data=D_,+ AD: observation, experiment
e M =model or theory
e PMID,y) : deep hierarchical prior on models
~ judgment of a scientific agent
e P(DIM,D,,) PMID,, : optimization, simulation
=> formulate hypothesis M"
 P(DIM,D,,) : simulation, analysis, proof => draw consequences



UCI

Bayesian outline, continued

PMDIM,D_ , )PMID,, )

PMID)= PDID..)

Evidence term, P®ID,)=), PODIM, D, )PM ID,,)
Consider alternative hypotheses
— Imaginative exploration of mathematical frameworks
— Model reduction and model integration: find noncompeting models
— Uniqueness: ideally > POIM.D, )PM'ID, ) =PDIM", D, )PM" ID,, )
=> find future critical experiments

— Grand challenge: sample the evidence term X, [e.g. Girolami; Werhli]
P(M | D) : revision of agent judgment
=> possible paradigm shift in deep structure likelihoods

SISL
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Dependency Diagrams
for probability distributions

Pr(x) = i O({xi|Fix = 1}‘)('I [h |y, i) =1 1(ZH>0))
Z 41
KEK-I
X Ox({zi| Dix = 1}{z|Dxj = 1}) Ilsi (e my=1 1(=5>0))
keEK2
Table 1: One possible rendering of dependency diagrams
Algebraic expressions Full name Rendering
F factor link f link
D conditional dependency d link
{ index link ¢ link
L argument index link ¢ link
zy gating link ~ link
d, index constraint link o link
T random variable circle node, x
# = various symbols model parameter double circle node, #
o factor hexagon node, ¢
a index square node, a

Q-Bio 08/08
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Index Nodes and Links, 1

e Rationale

— param sharing

— structured models

— compact diagrams

e Precedent: Plates
[Buntine JAIR 1994]

— Disaggregate plates into index noc ) 5

O,
)

O,

Pr({x}) =

(platelets) and general-purpose
(4 Ggroups7 b

—_

O

e Semantics, 1-level (w. u, a, d)

H{aa elq)

H{,-e 7} (.bi,(aalaﬂ,i)(-\'i,(aa la—, 1) ‘ {-\'j,(aﬁ 1B /) |j ) 7})

e Semantics, multi-level
— for complex multiscale architectures

1_[{(11 EJH} n{“‘“”ﬂ &la EJL:} H[ﬂa‘jn e, €110} r[{nAJAEJA €l14}

l—[{ielo} d)i’(aarja elo |m_\li)("\.i’(aﬂ'vja ely |Q’Ht ) | {'\‘j-(aﬁyj,selﬁ |BH1]) | ‘] HD I})

d/u
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Gating Links, 7y

e Rationale

— Allows variable structure =
modulated relationship
presence.

— Combined with sparseness
constraint on gating vbls,
gives basic new cost params
(#active nodes/links)

e Precedent:

— Mixture cluster models,
MREF line processes, graph
matching nets, Frameville,
Mixture of Experts, circuit
schematics, ...

e Semantics: selective omission
— modulates d, u, or a links (w or w/o {¥]

Pr({x}) = 5 l—[{aldu} l_[{aaz

) I | | ‘ | | V
2iaSla L_} {aa'.ja ely elle} {aA,]A ey elal

& . . 1_[/ e (.@('\'!)“as /A’-J”l‘
/ c({A\i.(aﬂ,jaeja lar, 1) |C =al vi
ceC

|

e Advances

— Enables general formulation of
vbl-structure systems

@

Y

|
RO
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Eg: Reaction network

])1(14,14.1 |A, B, 01 L‘l. lf-Q) = ./"\-""(Avi,_|_1 |A, — A.IjB,jll‘.lT -+ C'Y.Ijli?QT. O')
p2(Biv1|Ai, Bi, Ci ki, ke) = N(Biy1|Bi — AiBikym + Cikat, 0)
p3(Ciy1]Ai, Bi, Ci ki, ko) = N(Cip1|Ci + Ai Biky7 — CikaT,0)
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Inference of rates

® * ! 5‘) ! * * : IIIIJ ! * ! ! I.:l) : * * ’ );l *
(b) Sampled parameter values as a func-
tion of iteration number.

Q-Bio 08/08
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Inference of rates -
MCMC mixture of transitions

rate

molecule

L 1 L jteration
50 100 150 200

ume

Q-Bio 08/08
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Evolved Dynamics

e Task: GRN-controlled growth
— grow to 24 cells of 3 cell types

— stop (or: stop and reproduce) [
e State space flow
* Lineage tree \ |

— emergent grammar

2 3
2 2 3
2 2 1 2 3 3
3 3
2 2 2 2
3 3 33 3 3

24 2
2 4 Il 4 2 2 4

2 2 2 2

Mjolsness, Garrett, Reinitz, and Sharp, in Evolution and Biocomputation:
Computational Models of Evolution, Springer LNCS, Berlin, 1995.

Note separatrix,
a center manifold
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Template: Evolver

grammar (continuous-time) evolver ({organism(g;. ¢;)} — {organism(g;, ¢;)}) {
R1: organism(g;.e;) — @ with p;(g;.e;)
// death: selection by the environment
R2: organism(g,. e;), organism(g,, e;) — organism(g,. e;), organism(g,, €,),
{organism(g,, &;) | 1 <i<n}
with p, C(g1. 2. €1, ) q(n) TTi-, 62(&, | 81. 82) 5(&;)
// heritable variation of g,
R3 : organism(g, ¢) — organism(g, &) with p. ¥(2|e)
// individual experience
R4 : organism(g;. e;), organism(gz, ;) — organism(g;. &;), organism(g:,

with ps y(é1. &2 |e1, ez, g1, §2)
// social interaction

oy
ra
S



UCI SISL

Methods

e Semantics:

— Dynamical Grammars process composition
language

e Multiscale methods
e Graph transformations

e Parameter estimation
{j{i@omputational Morphodynamics

Q-Bio 08/08
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Computational Morphodynamics

Model morphology <> regulation, bidirectionally
* Morphology requires mechanics, growth, & cell division
e Eg. weak spring models coupled to regulation & growth

e But could be developed much further
— stochastic, cellular + continuous-space, ...
— Smart & active (lively) geometries & cell complexes

 Eg. expression domains + growth + mechanics
Image analysis
Mechanical modeling

Define: the study of the three-way interaction of physical,
informational, and geometrical processes
— Thus: molecular mechanisms, regulation, and growth&patterning

SISL
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Computational Morphodynamics

e Potentially, a new science

 “How do biochemical and informational processes determine

major changes in the morphology of living organisms?”

(that includes plant animal development, and also metamorphosis and
regeneration);

- A “grand challenge”.

e Other questions as well:
—  “What are the computational consequences of the macroscopic patterns of
mammalian brain development?” (neuroscience);
—  “How do living morphodynamic systems evolve?” (evodevo);
— “How can we design self-fabricating molecular structures?” (nanotechnology)

— “What kinds of computational processes are best described using
morphodynamics?” (computer science based on spatial continuua rather than
on Turing machines - a potentially strong engineering spinoff); and

—  “How can one classify morphodynamic systems, up to Turing-computable
diffeomorphisms?” (mathematics)

* Leading applications are in biological development
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Some Principles of
Heterogeneous Dynamics

Integration by summation of time-evolution
operators

e Derivation of simulation algorithms

Graphs = dynamics
Application to multiscale modeling
Model analysis, reduction, and understanding

Abstraction to reusable mini-theories
* Eg. GRN/ANN, GMWC, RSS, weak springs, ...
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Methods

Semantics:

— Dynamical Grammars process composition
language

Multiscale methods
Graph transformations
Parameter estimation

Computational Morphodynamics
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Outline: Math. Methods

Statistical Mechanics

— SM 1n metabolism, transcription

Stochastic Dynamics
— Operator algebra

Classical Spatial Dynamics

— Hybrid systems; elastic dynamics

Computational Dynamics
— Semantics

— Computational Morphodynamics
Q-Bio 2008
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Further conclusions

 Dynamics 1s important & tractable
e Heterogeneous dynamics required in biology
* Processes composition: operator addition

e Algorithms for simulation and learning
 Examples:
e central metabolism, signaling, development

* Solid foundations exist for a science of
“computational morphodynamics™

 Mathematical, computational

e Botanical and biological
Q-Bio 08/08
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e For further information

— www.ics.ucl.edu/~emj

— www.computableplant.org

— www.sigmoid.org




